In this chapter, laminar natural-convective heat transfer from a solid sphere is studied by solving the complete Navier-Stokes and energy equations using higher order compact scheme in spherical polar coordinates for the first time. Results are obtained for Grashof numbers of 0.05, 1, 10, 25, 50 and 125 for Prandtl numbers from 0.72 to 7. The local Nusselt number and average Nusselt number are calculated and compared with available experimental and theoretical results. Streamlines, vorticitylines and isotherms are plotted.
Basic equations
The dimensionless equations for steady, laminar natural convection flow can be written in axially symmetric spherical polar coordinates by applying the transformation r = e ξ using the Boussinesq approximation as follows:
The velocity components where Gr is the Grashof number based on the radius of the sphere defined as
where R is the radius of the sphere, g is the gravitational acceleration, β is the thermal coefficient of volumetric expansion, ν is the kinematic viscosity, T S is the temperature of the sphere surface and T ∞ is the temperature of the ambient flow.
T is the non-dimensionalized temperature, defined by subtracting the ambient flow temperature T ∞ from the temperature and dividing by T S − T ∞ and P r is the Prandtl number defined as the ratio between kinematic viscosity (ν) and thermal diffusivity (α). Equations (4.1)-(4.4) are dependent upon the assumption that the only body force operating is that of gravity and that the temperature variations within the fluid are not large, so that Boussinesq's approximation can be applied and the density to be treated as a constant in all terms of the transport equations execept the buoyancy term. Other fluid properties such as the viscosity, specific heat and thermal conductivity are taken to be constant. Equations (4.1)-(4.4) are subject to the following boundary conditions.
On the surface of the sphere (ξ = 0) :
Along the axis of symmetry (θ = 0 and θ = π) : ψ = 0, ω = 0, ∂T ∂θ = 0.
Fourth order compact scheme
The standard fourth order central difference operator of the first and second order partial derivatives are given by the following equations
Here φ i,j is the value of the function φ at the grid point (i, j) (see Fig. 1.3 ).
Discretization of stream function equation
Using (4.5) -(4.8) in equation (4.2), we obtain
The truncation error of equation (4.9) is
and
where h and k are grid spacings (h = k) in the radial and angular directions, respectively. Differentiating partially the stream-function equation (4.2) twice on both sides with respect to ξ and θ, we obtain
Using (4.10) -(4.14) in (4.9), we obtain 
Discretization of vorticity transport equation
By combining the non-linear terms − 
Once again using (4.5) -(4.8) in equation (4.16), we obtain
The truncation error of equation (4.17) is
Differentiating partially the vorticity equation (4.16) twice on both sides with respect to ξ and θ, we obtain
Substituting equations (4.18) -(4.22) in equation (4.17) gives
The derivatives 
Discretization of energy equation
By combining the convective terms − 
where
Repeating the above discretization process of the vorticity equation (4.16) to energy equation (4.24), we obtain
where the coefficients ll i,j , f f i,j , gg i,j , oo i,j andi,j are given by
Equation (4.25) is the fourth order approximation to energy equation (4.24).
Discretization of boundary conditions
On the surface of the sphere, no-slip condition is applied. We now turn to the boundary condition for the vorticity, focusing our discussion on the boundary where i = 1. The vorticity boundary condition at i = 1 is derived using ψ = ∂ψ ∂ξ = 0 in equation (4.2). Following Briley's procedure [56] we obtain the formula
For evaluating boundary conditions, along the axis of symmetry, the derivative ∂T ∂θ is approximated by fourth order forward difference along θ = 0 (i.e., j = 1) and fourth order backward difference along θ = π (or j = m + 1) as follows.
The algebraic system obtained from the fourth order discretized energy equation (4.25), vorticity transport equation (4.23) and stream function equation (4.15) are solved using line Gauss-Seidel method. The algebraic equations for T , ω and ψ were solved simultaneously and the vorticity boundary condition for ω and temperature boundary conditions on axis of symmetry are updated after every iteration. The iterations are continued until the norm of the dynamic residuals is less than 10 −5 .
Results and Discussion
The laminar natural-convective heat transfer from a solid sphere is analyzed by solving the complete Navier-Stokes and energy equations using higher order compact scheme on the nine point 2-D stencil. Numerical investigations are carried out for the Grashof numbers (Gr) in the range 0.05 to 125 at Prandtl numbers (P r) 0.72 to 7. A far field of 24.53 times the radius of the sphere is considered in all the numerical simulations which are performed in the finest grid of 160 × 80. The local Nusselt number (Nu) at the sphere surface is given by
The average Nusselt number (N m ) is calculated using the formula Fig. 4 .2. As
Gr or P r increases, the average Nusselt number increases as expected. The angular variation of local Nusselt number (Nu) on the surface of the sphere is shown in Figs. 
& 4.4 for different values of
Gr at P r = 0.72, 7 and for different values of P r at Gr = 1, 125. It is observed that as Gr or P r increases, the local Nusselt number over the upstream region of the sphere increases while that over the downstream decreases. The local Nusselt number on the surface of the sphere at different angles are shown in the Table 4 .2 for different Gr at P r = 0.72 and 7. 
Nu (P r = 0.72) Nu (P r = 7) The surface pressure is calculated using the following relations: The angular variation of surface pressure obtained by the above formula is shown in Fig. 4 .5 for different values of Gr at P r = 0.72, 7. For a particular value of Gr and P r, it is found that the surface pressure decreases along the surface of the sphere. It is also found that at higher values of Gr (depending on P r), the surface pressure decreases along the surface of the sphere and slightly increases in the far downstream (see Fig. 4 .5, top, Gr = 125). As Gr increases, the surface pressure over the upstream region of the sphere increases, while that over the downstream decreases. All these curves mostly intersect at a critical point, after which inverse effect is found. As P r increases, the critical point shifts towards downstream. For P r = 0.72, the inverse effect occurs around 75
• (Fig. 4 .5 top) where as for P r = 7 the critical point occurs around 95 • (Fig. 4.5 bottom) . For a particular Gr = 1, 125, the surface pressure is also plotted for different values of P r in Fig. 4 .6. It is found that as P r increases, the surface pressure decreases in the upstream region and increases in the downstream region. Here, the critical point shifts towards
upstream. The surface vorticity is also presented in Figs. 4.7 & 4.8 for different values of Gr at P r = 0.72, 7 and for different values of P r at Gr = 1, 125. It is found that the surface vorticity increases up to a critical value and then decreases.
For P r = 0.72, this monotonic behavior is symmetric even up to Gr = 25 (Fig. 4 .7 top) due to dominance of diffusion terms. As P r increases, this critical value shifts towards downstream region (loss of symmetry) due to the dominance of convection. However, as Gr increases for a particular P r, the magnitudes of the surface vorticity increases. For a particular Gr, the magnitudes of the surface vorticity decreases with increase of P r (Fig. 4.8) . The drag coefficient is composed of two parts due to the viscous and pressure drag, respectively. The viscous drag coefficient is given by
and the pressure drag coefficient is
The total drag coefficient C D = C V + C P . The drag coefficient components C V , C P and the total drag C D are presented in Fig. 4 .9 for different Gr at P r = 0.72 and 7. For a fixed P r, as Gr increases, the drag coefficient increases; where as the drag coefficient is reduced at a higher value of P r in comparison with low P r. In the contour plot Figs. 4.10 -4.12, the direction of the flow along axis of symmetry is from right (θ = 0) to left (θ = π). The streamlines for Gr = 0.05, 25, 50 and 125 at P r = 0.72, 7 is presented in Fig. 4 .10. It shows that the rising and descending currents generate a circular flow pattern which was expected. As the Gr increases, the stream function contours move downstream. This is because as Gr increases, the ratio of buoyancy forces to the viscous forces increases, thus increasing the effects of convection and the rate of heat transfer. As a result, the thickness of the heated layer adjacent to the upstream surface of the sphere is reduced. The increased velocity of fluid passing through the sphere causes the fluid in the immediate vicinity of the heated layer to be dragged downstream so that the streamlines are shifted from the upstream region of the flow field. The same phenomena is observed even with increase of P r. The vorticity contours for Gr = 0.05, 25, 50 and 125 at P r = 0.72, 7 is presented in Fig. 4 .11. It is seen that as Gr or P r increases, the contours are displaced in the downstream direction. Fig. 4 .12 show the distribution of isotherms around the sphere at Gr = 0.05, 25, 50 and 125 for P r = 0.72, 7. As expected, an increase in the Gr causes the thickness of the heated layer over the upstream region of the solid sphere to decrease, while that over the downstream region increases. 
Conclusions
• A higher-order compact scheme on the nine point 2-D stencil is developed for solving the complete N-S and energy equations for laminar natural convective heat transfer from a sphere in spherical polar coordinates, something that was not hitherto attempted.
• The local Nusselt number and average Nusselt number are calculated and compared with available experimental and numerical results.
• The angular variation of local Nusselt number, surface pressure and surface vorticity are also presented.
• Streamlines, vorticity contours and isotherms are plotted.
